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In order to improve the joint failure strength, an adhesively bonded smart composite pipe joint system has been devel-
oped by integrating electromechanical coupling piezoelectric layers with the connection coupler. It has been validated that
the integrated piezoelectric ceramic layers can smartly reduce stress concentration in the adhesive layer bond-line under
bending or axial tension loads. In this study, piezoelectric particle/ﬁber reinforced polymer composite was utilized to con-
struct adhesively bonded smart composite pipe joint systems, in order to overcome the brittle characteristic of the piezo-
electric ceramic layers and to facilitate joint construction. Since torsion is one of the dominating loading conditions in
practice, the behavior of the newly developed smart pipe joint system subjected to torsion loading was investigated in-detail
to evaluate the eﬀect of the integrated piezoelectric reinforced polymer composite layer on the joint performance. Firstly,
based on the ﬁrst-order shear deformation theory, the fundamental equations with relevant boundary and continuity con-
ditions were developed to theoretically model the smart pipe joint system subjected to torsion loading. Further, the ana-
lytical solutions for the mid-plane displacements and the shear and peel stresses in the adhesive layer were obtained by
using the Levy solution and the state-space method. Finally, some numerical examples were presented to evaluate the
detailed eﬀect of the stacking sequence and thickness of the integrated composite piezoelectric layers in the connection cou-
pler on reducing the stress concentration in the adhesive layer; the eﬀect of the applied electric ﬁelds on shear and peel
stresses in the adhesive layer was also illustrated.
 2007 Elsevier Ltd. All rights reserved.
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Due to their exceptional characteristics, such as lightweight, high strength to weight ratio and excellent cor-
rosion-resistance, etc., ﬁber reinforced polymer composite materials are being utilized in an unprecedented
rate in industry as more and more industrial sectors discover the beneﬁts of these versatile materials in various
structural components such as beam, plate, panel and pipe, etc. As is well-known, because of the limitation of0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.07.027
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tural components together for a large or integrated structure. Currently, joining methods can be roughly cat-
egorized into three main types: (1) mechanical fastening; (2) welding; and (3) adhesive bonding. Compared to
the mechanical fastening and welding methods, there are several advantages associated with adhesively
bonded joints, such as lower stress concentration, more uniform distribution of stress, lighter weight, water
tightness, corrosion-resistance and better fatigue properties, especially for composite materials and structures.
Recently with the advancement of adhesive material science and bonding techniques, a number of adhesively
bonded joint systems have been increasingly used in engineering structures, such as single-lap joint, single-
strap joint, double-lap joint and scarf joint in aeronautic, automotive and civil engineering structures. Corre-
sponding to this general tendency, adhesively bonded composite piping systems have also been increasingly
adopted in the marine, petrochemical and chemical industries. Composite piping has achieved an exclusive
corrosion control and signiﬁcant economic beneﬁt in the world.
For any type of adhesively bonded joint systems, for instance beam/plate-like joint and tubular joint, the
load transfer is always through the adhesive layer bond-line via peel and shear stresses. And, a signiﬁcant peel/
shear stress concentration always exists in the end region of the adhesive layer bond-line as veriﬁed by numer-
ous previous theoretical and experimental works since 1944 (e.g. Goland and Reissner, 1944; Hart-Smith,
1973; Adams and Wake, 1984 for the beam-like joint; and Adams and Peppiatt, 1977; Adams and Wake,
1984; Chen and Cheng, 1992a,b for the tubular joint). From the open literatures, it is seen that there are only
a few studies reported for the tubular joint with comparison to the beam/plate-like joint, and the earlier the-
oretical analysis works were focused on the isotropic adherends. Recently, due to the broader and broader
application of the composite piping system in various engineering ﬁelds, the composite pipe joint problem
has attracted more and more attentions (Graves and Adams, 1981; Chon, 1982; Hipol, 1984; Hashim
et al., 1998; Yang, 2000; Harte et al., 2003; Yang et al., 2002; Pugno and Carpinteri, 2003; Kim and Lee,
2004; Zou and Taheri, 2006; Lees, 2006; Cheng et al., 2006, 2007; Oh, 2007). Furthermore, most of the anal-
yses were conducted to numerically obtain the basic stress distributions by the Finite Element Method (e.g.
Hashim et al., 1998; Harte et al., 2003; Kim and Lee, 2004). There are only a few theoretical analyses con-
ducted by the analytical solution methods in terms of the classical/ﬁrst-order shear laminated plate/shell the-
ory for torsion loading case. For example, Zou and Taheri, based on the classical lamination theory, obtained
a simple analytical solution (Zou and Taheri, 2006); Oh set up a ﬁrst-order shear deformation theory-based
model and used the stress-based solution method to study the nonlinear eﬀect (Oh, 2007). From these previous
works on the diﬀerent types of joint systems, it was found that the peel/shear stress concentration in the end
regions of the adhesive layer is the lethiferous reason for inducing premature failure of adhesively bonded
joints. In order to prevent the joint systems from premature failure, how to reduce or even eliminate the stress
concentration becomes a critical challenge for engineers and researchers. Up to now, some traditional and pre-
ventive enhancement methods have been successfully applied in engineering structures, including rounding oﬀ
the sharp edges, spewing ﬁllets and tapering of the adherends (Hart-Smith, 1983; Roberts, 1989; Cheng et al.,
1991). Furthermore, some other mechanical stiﬀening methods have also been executed to improve the joint
strength, such as using reinforcing patches to reduce the stress concentration in the adhesive layers (Albat and
Romilly, 1999). Evidently, all of the above-mentioned strength enhancement methods are the traditional geo-
metric improvement or mechanical stiﬀening ones which belong to the passive method for improving the joint
strength capacity. They are unable to adaptively survive sudden and unexpected loadings. Thus, in order to
enhance the survivability of a joint system, it is desired to develop an adaptive adhesively bonded joint system
for better serving the working environment.
Considering the fact that smart materials can act as sensors and actuators in engineering structures, Cheng
and Taheri et al. have ﬁrstly introduced a smart material – a high performance electro-mechanical coupling
piezoelectrics into the adhesively bonded beam-like joint system to realize the adaptive strength enhancement
by the external electric ﬁeld (Cheng and Taheri, 2005, 2006; Cheng et al., 2006). Further, the adhesively
bonded smart composite pipe joint systems were also developed and analyzed to verify the smart eﬀect of
the integrated piezoelectric layers on the pipe joint strength improvement when the pipe joint system was sub-
jected to an axial tension load or a bending load (Cheng et al., 2006, 2007). However, the well-known brittle
characteristic of the piezoelectric ceramics has limited their extensive application in engineering structures,
particularly for structures with complicated construction, larger deformation and vibration. Compared to
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with ﬂexible matrix have attracted attentions of many researchers (Wang, 1992; Cheng et al., 2000; Jiang
and Batra, 2001; Tan and Tong, 2001; Wu et al., 2001; Wlodzimierz and Przybylowicz, 2003; Cheng et al.,
2005a,b). These piezoelectric composites have been successfully utilized as actuators/sensors to control/mon-
itor large static deformation and dynamic vibration of various complicated large structures (Wlodzimierz and
Przybylowicz, 2003; Cheng et al., 2005a,b). Thus, without loss of generality, we can extend the application of
the ﬂexible piezoelectric ﬁber/particle reinforced polymer composite to fabricate the new connection coupler
for the pipe joint.
It is well known that torsion load is another representative loading case in practice, in addition to the bend-
ing load and axial tension load. Therefore based on the previous works, we focused on studying the detailed
eﬀect of the integrated piezoelectric reinforced composite layer on the behavior of an adhesively bonded smart
composite pipe joint system subjected to a torsion loading at the joint end in this paper. In order to verify the
developed smart pipe joint system, a theoretical model was set up by using the ﬁrst-order shear deformation
theory to obtain fundamental expressions for the joint system by considering the electro-mechanical coupling
eﬀect of the integrated piezoelectric reinforced composite layers in the connection coupler. Here, the eﬀective
electro-elastic properties of piezoelectric reinforced composite materials were predicted by the micromechan-
ical Mori–Tanaka’s electromechanical method. Then, considering the geometric symmetry characteristics, the
Levy-type-based solution method was employed to obtain the basic solution for the governing equations
based on the relevant boundary/continuity conditions when the joint was subjected to a torsion loading at
the joint end. Further, the state-space method was utilized to obtain the ﬁnal analytical solutions, including
the peel and shear stress distributions in the adhesive layer bond-line. Finally, some detailed numerical sim-
ulations were conducted to demonstrate the design and optimization of the smart composite pipe joint system
under the combined torsion loading and electric ﬁelds, including the thickness and stacking sequence of the
integrated piezoelectric reinforced composite layers in the connection coupler.
2. Basic structure and fundamental equations
2.1. Basic structure
As is well-known, an adhesively bonded pipe joint system is generally composed of two pieces of pipes, a
connection coupler and an adhesive layer, such as a single-strap type pipe joint, as shown in Fig. 1. Previously,
we have studied the performance enhancement of this type of joints by integrating piezoelectric ceramic layers
when the joint is subjected to an axial tension load or a bending load (Cheng et al., 2006, 2007). Based on the
above discussion, piezoelectric particle/ﬁber reinforced polymer composite layer will be used instead of piezo-
electric ceramic layers in this study because the piezoelectric composite is more ductile or ﬂexible to meet with
the requirement for higher ductility in the connection coupler. A schematic of the piezoelectric particle/ﬁber
reinforced polymer composite is shown in Fig. 2. A sectional view of a single-strap pipe joint integrated with
the piezoelectric composite layer is schematically shown in Fig. 3. In the next sections, the detailed theoretical
modeling and analyses will be carried out for verifying the developed smart joint system shown in Fig. 3.z, w
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Fig. 1. A schematic geometric view of the pipe joint.
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Fig. 3. The conventional pipe joint system (a) and the proposed smart pipe joint system integrated with the piezoelectric reinforced
composite layer (b).
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For the pipe joint in Fig. 3, it can be approximated as a symmetric structure and then only half of the joint
need to be modeled and analyzed, as shown in Fig. 4. Here, the stresses and forces on each representative inﬁn-
itesimal element of the free-body joint section is depicted in Fig. 5 for diﬀerent layers (main pipe, coupler, and
adhesive layer). In terms of the static equilibrium conditions for each layer as shown in Fig. 5, the fundamental
equilibrium equations for any segment of the pipe joint (with a rectangular cross-section) can be represented
by the resulting forces and moments of the laminated composite shell by considering the eﬀects of shear stres-
ses sf and sn, and peel stress p on the adhesive layer in the following forms.
For the bare part of the main pipe without the adhesive, the equilibrium equations from the inﬁnitesimal
element can be derived, which are in the local coordinate system, as follows:Symmetric axis 
x1 x2
l1 l2
T 
T 
Bare pipe Coupling pipe
Connection coupler
Fig. 4. A schematic view of the diﬀerent parts of the composite pipe joint system.
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Fig. 5. The stresses and forces on the inﬁnitesimal element of a joint system: (a) the top layer (connection coupler), (b) the adhesive layer
and (c) the bottom layer (main pipe).
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oMbn1
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¼ 0 ð1dÞ
oMbn
onp
 Qbnz þ
oMb1n
o1
¼ 0 ð1eÞFor the pipe part covered by the connection coupler, the following equilibrium equations in the local coor-
dinate system can be obtained by considering the eﬀect of the adhesive layer stresses:oNp1
o1
þ oQpn1
onp
¼ Rpo
Rp
s1 ð2aÞ
oNpn
onp
þ Qpnz
Rp
þ oQpn1
o1
¼ Rpo
Rp
sn ð2bÞ
oQp1z
o1
þ oQpnz
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 Npn
Rp
¼ Rpo
Rp
p ð2cÞ
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o1
 Qp1z þ
oMpn1
onp
¼ hp
2
Rpo
Rp
s1 ð2dÞ
oMpn
onp
 Qpnz þ
oMp1n
o1
¼ hp
2
Rpo
Rp
sn ð2eÞAnd in the connection coupler, the equilibrium equations can be described in the local coordinate system
by:oN c1
o1
þ oQcn1
onc
¼ Rci
Rc
s1 ð3aÞ
oN cn
onc
þ Qcnz
Rc
þ oQcn1
o1
¼ Rci
Rc
sn ð3bÞ
oQc1z
o1
þ oQcnz
onc
 N cn
Rc
¼ Rci
Rc
p ð3cÞ
oM c1
o1
 Qc1z þ
oM cn1
onc
¼ hc
2
Rci
Rc
s1 ð3dÞ
oM cn
onc
 Qcnz þ
oM c1n
o1
¼ hc
2
Rci
Rc
sn ð3eÞHere the subscripts ‘‘p, b, c’’ of the resulting forces and moments denote the overlapped main pipe part, bare
main pipe and connection coupler, respectively. Ra is the radius of the adhesive layer and Ra ¼ RciþRpo2 . Rci and
Rpo are the inner radius of the connection coupler and the outer radius of the main pipe, i.e. the top and bot-
tom surfaces of the adhesive layer, respectively. Based on the ﬁrst-order deformation theory for laminated
composite structures, the resulting forces Nif, Nin, Qifn, Qinf, Qifz and Qinz, and, moments Mif, Min, Mifn
and Minf (i = p,b, c) for the diﬀerent sections can be obtained byN i1 ¼ N i11 ¼
Z hi
2
hi2
ðRi þ zÞ
Ri
r1 dz ¼
Xn
k¼1
Z zkþ1
zk
ðRi þ zÞ
Ri
Qk11e1 þ Qk12e2  ek31Ek3
 
dz
¼ Ai11 oui0o1 þ Bi11
o/i
o1
þ 1
Ri
Ai12wi þ Ai12 ovi0oni
þ Bi12 ouioni
 NPZTi1 ð4aÞ
N in ¼ N i22 ¼
Z hi
2
hi2
r2 dz ¼
Xn
k¼1
Z zkþ1
zk
Qk21e1 þ Qk22e2  ek32Ek3
 
dz
¼ Ai21 oui0o1 þ Bi21
o/i
o1
þ 1
Ri
Ai22wi þ Ai22 ovi0oni
þ Bi22 ouioni
 NPZTin ð4bÞ
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2
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2
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Ri þ z
Ri
Qk66e6 dz
¼ Ai661 oui0oni
þ Bi661 o/ioni
þ Ai661 þ 1Ri Bi661
 
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2
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r6 dz ¼
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k¼1
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Qk66e6 dz ¼ Ai662
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þ Bi662 o/ioni
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2
hi2
r4 dz ¼
Xn
k¼1
Z zkþ1
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KQk44e4 dz ¼ Ai44
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oni
 1
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Ai44vi0 þ Ai44ui ð4iÞQiz1 ¼ Qi1z ¼ Qi31 ¼ Qi13 ¼
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2
hi2
ðRi þ zÞ
Ri
r5 dz ¼
Xn
k¼1
Z zkþ1
zk
ðRi þ zÞ
Ri
KQk55e5 dz ¼ Ai55/i þ Ai55
owi0
o1
ð4jÞwhere these resultant forces and moments are general expressions for any parts of pipe joint system, i.e. i = p,
b or c. For instance, the above resultant forces and moments will represent the resultant forces and moments
of the pipe if the radius R in the general expressions is replaced by Rp. In the same manner, the resultant forces
and moments for other parts can be obtained. The shell stiﬀnesses are re-deﬁned and used in the above der-
ivation, i.e. Aimn, Bimn, etc.
The additional resultant forces NPZTij and moments M
PZT
ij (i = j = 1,2) are caused by external electric ﬁelds
that are applied to the integrated piezoelectric reinforced composite layers in the connection coupler as deﬁned
by:
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Xn
k¼1
Z zkþ1
zk
ðRc þ zÞ
Rc
ek31E
k
3 dz ð5aÞ
NPZTcn ¼ NPZTc22 ¼
Xn
k¼1
Z zkþ1
zk
ek32E
k
3 dz ð5bÞ
MPZTc1 ¼ MPZTc11 ¼
Xn
k¼1
Z zkþ1
zk
ðRc þ zÞ
Rc
ek31E
k
3zdz ð5cÞ
MPZTcn ¼ MPZTc22 ¼
Xn
k¼1
Z zkþ1
zk
zek32E
k
3 dz ð5dÞwith the electric ﬁeld applied to the distribution covered surface electrode represented by a 2D Heaviside Step
functionH(x  x0) (detailed deﬁnition for the piezoelectric partially covered electrode can be found in Lee and
Moon’s paper (Lee and Moon, 1990)), as:Ek3ð1; nÞ ¼ Ek30½Hð1 10Þ  Hð1 11Þ  ½Hðn n0Þ  Hðn n1Þ ð6Þ
where ekij is the piezo-coeﬃcients of the piezoelectric reinforced composite materials, and determined by the
eﬀective electro-elastic properties of piezoelectric reinforced composite that were predicted by the developed
micromechanical Mori–Tanaka’s electromechanical method as given in Appendix A.
Furthermore, sf, sn and p denote the shear and normal (peel) stresses in the adhesive layer in the f-axis, n-
axis and z-axis as shown in Fig. 5b, respectively. Evidently, the shear and normal stresses in the adhesive layer
are caused by the discontinuity of the relative displacements on the top and bottom surfaces of the adhesive
layer. Assuming that the adhesive shear stresses are uniform throughout the thickness of the adhesive layer,
the shear stresses sf and sn can be obtained from the above assumed displacement ﬁelds of the pipe and cou-
pler by using the average values of owco1 ,
owp
o1 ,
owc
onc
and
owp
onp
in the following forms:s1 ¼ Ga up  ucha
 
 Ga
2
owc
o1
þ owp
o1
 
¼ Ga up0  uc0ha þ
/php þ /chc
2ha
 
 Ga
2
owc
o1
þ owp
o1
 
ð7aÞ
sn ¼ Ga vp  vcha
 
 Ga
2
owp
onp
þ owc
onc
 
þ Ga
2
vp þ vc
Ra
 
¼ Ga vp0  vc0ha þ
vp0 þ vc0
2Ra
þ uphp þ uchc
2ha
þ uphp  uchc
4Ra
 
 Ga
2
owp
onp
þ owc
onc
 
ð7bÞIn the same manner, the normal stress p of the adhesive layer can be determined from the relative radial
displacements of the pipe and coupler:p ¼ Eað1þ taÞð1 2taÞ ð1 taÞ
wc  wp
ha
 
þ ta ep1 þ ec1
2
 
þ ta epn þ ecn
2
  	
¼ Eað1þ taÞð1 2taÞ ð1 taÞ
wc  wp
ha
 
þ ta
2
oup0
o1
þ hp
2
o/p
o1
þ ouc0
o1
 hc
2
o/c
o1

 
þ ta
2
wp
Rpo
þ Rp
Rpo
ovp0
onp
þ hp
2
oup
onp
 
þ wc
Rci
þ Rc
Rci
ovc0
onc
 hc
2
ouc
onc
  	
ð7cÞwhere Ga, Ea and ta are the shear modulus, Young’s modulus and Poisson’s ratio of the adhesive, respectively.
ha is the thickness of the adhesive layer.
2.3. Boundary and continuity conditions for a pipe joint subjected to torsion loading at the joint end
In order to solve the governing equations as presented above, the complement boundary/continuity condi-
tions are required. In this paper, we mainly focused on the torsion loading case, i.e., the symmetric composite
pipe joint system that is subjected to the torsion loading T, as shown in Fig. 4. It is generally assumed that the
torsion loading is a linearly varying shear stress through the thickness with its force resultant equivalent to the
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as follows:rb1n ¼ 2qT
R4rpo  R4rpi
  ; Rrpi < q < Rrpo ð8ÞFurther, the related resultant force eQb1n and moment eM b1napplied to the shell can be calculated in terms of
the deﬁnitions in Eqs. (4) and (8), which are the prescribed boundary conditions at the joint end caused by the
external torsion loading.
Therefore, for a joint system subjected to a torsion loading, the relevant boundary and continuity condi-
tions about the forces/moments and displacements can be described for diﬀerent parts of the system detailed
as follows:At x2 ¼ l2 : Nb1 ¼ 0; Qb1n ¼ eQb1n; Qb1z ¼ 0; Mb1 ¼ 0; Mb1n ¼ eM b1n ð9aÞ
At x1 ¼ l1 : N c1 ¼ 0; Qc1n ¼ 0; Qc1z ¼ 0; M c1 ¼ 0; M c1n ¼ 0 ð9bÞ
At x1 ¼ 0 : Np1 ¼ 0; Qp1n ¼ 0; Qp1z ¼ 0; Mp1 ¼ 0; Mp1n ¼ 0 ð9cÞ
u0c ¼ 0; /c ¼ 0; v0c ¼ 0; uc ¼ 0; wc ¼ 0 ð9dÞ
At x1 ¼ l1 and x2 ¼ 0 : Np1 ¼ N b1; Qp1n ¼ Qb1n; Qp1z ¼ Qb1z; Mp1 ¼ Mb1; Mp1n ¼ Mb1n; ð9eÞ
u0p ¼ u0b; /p ¼ /b; v0p ¼ v0b; up ¼ ub; wp ¼ wb ð9fÞwhere the upper ‘‘’’ of the above variables denotes the prescribed external forces and moments. It is seen that
there are a total of 30 boundary and continuity conditions for the problem, which insures that the present
problem solution is close.
2.4. Displacement-based governing equation
The displacement-based governing equations for the diﬀerent parts of the composite pipe joint system can
be obtained by plugging the resultant forces and moments Eq. (4) and the strain–displacement relationships
into the above equilibrium equations. For example, in the coupled pipe part, the displacement-based govern-
ing equations can be expressed in the local coordinate system asAp11
o2up0
o12
þ Bp11
o2/p
o12
þ 1
Rp
Ap12
owp
o1
þ ðAp12 þ Ap661Þ o
2vp0
onpo1
þ ðBp12 þ Bp661Þ
o2up
onpo1
þ Ap662 o
2up0
on2p
þ Bp662
o2/p
on2p
¼ Rpo
Rp
Ga
up0  uc0
ha
þ hp/p þ hc/c
2ha
 
 Ga
2
owc
o1
þ owp
o1
  	
ð10aÞ
ðAp21 þ Ap662Þ o
2up0
o1onp
þ ðBp21 þ Bp662Þ
o2/p
o1onp
þ 1
Rp
ðAp22 þ Ap44Þ owponp
þ Ap22 o
2vp0
on2p
þ Bp22
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Rp
ðAp44 þ Ap22Þ ovp0onp
þ ðAp44  1Rp Bp22Þ
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onp
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Rp
Ap21
oup0
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þ 1
Rp
Ap22wp
 
¼ Rpo
Rp
Ea
ð1þ taÞð1 2taÞ ð1 taÞ
wc  wp
ha
þ ta
2
oup0
o1
þ hp
2
o/p
o1


þ ouc0
o1
 hc
2
o/c
o1

þ ta
2
wp
Rpo
þ Rp
Rpo
ovp0
onp
þ hp
2
oup
onp
 
þ wc
Rci
þ Rc
Rci
ovc0
onc
 hc
2
ouc
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  	
ð10cÞ
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Rp
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owp
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o2up
onpo1
 Ap55/p
þ Bp662 o
2up0
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Rpo
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Ga
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ha
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2ha
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 Ga
2
owc
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ð10dÞ
ðBp21 þ Bp661Þ o
2up0
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þ ðDp21 þ Dp661Þ
o2/p
o1onp
þ 1
Rp
Bp22  Ap44
 
owp
onp
þ Bp22 o
2vp0
on2p
þ Dp22
o2up
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Rp
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o2up
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2
Rpo
Rp
Ga
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ha
þ hpup þ hcuc
2ha
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 Ga
2
owp
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þ owc
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þ Ga
2
vp0 þ vc0
Ra
þ hpup  hcuc
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  	
ð10eÞSimilarly, the displacement-based governing equations for the bare pipe part and connection coupler part
can also be obtained in the respective local coordinate systems.
Evidently, based on the above governing equation analyses, there are a total of 15 second-order diﬀerential
equations with 15 unknown variables, i.e. up0, /p, vp0, up and wp in the coupled pipe part, ub0, /b, vb0, ub and
wb in the bare pipe part, uc0, /c, vc0, uc and wc in the connection coupler part for ﬁnal determination. Thus, it
requires 30 complement boundary/continuity conditions of the overall joint system for the complete closed-
form solution; see Eq. (9). In order to obtain the analytical solutions for these diﬀerential equations, a coor-
dinate transform is introduced to transform the above diﬀerential equations into a uniform coordinate system
as follows:na
np
¼ Ra
Rp
and
na
nc
¼ Ra
Rc
ð11ÞFurther some coordinate transform relationships can be represented by:oðÞ
onp
¼ Ra
Rp
oðÞ
ona
;
o2ðÞ
on2p
¼ Ra
Rp
 2 o2ðÞ
on2a
;
oðÞ
onc
¼ Ra
Rc
oðÞ
ona
;
o2ðÞ
on2c
¼ Ra
Rc
 2 o2ðÞ
on2awhere the notation ‘Æ’ inside the bracket denotes the diﬀerential variables. After applying the above coordinate
transforms to the displacement-based governing equations and the relevant boundary and continuity condi-
tions for the three parts in their respective local coordinate system, a new set of governing equations with
15 unknown variables and 30 relevant boundary and continuity conditions can be represented in the uniform
coordinate system.
3. Analytical solution procedure
Based on the previous works about the Levy-based solution procedure for a circular cylindrical shell with
arbitrary boundary conditions at the end (Whitney, 1987; Reddy, 2004), we can express the generalized dis-
placements (u0, /, v0, u and w) as products of unknown functions and known trigonometric functions of spa-
tial coordinates for arbitrary combinations of free, clamped and simply-supported boundary conditions. Thus,
considering the symmetry, anti-symmetry and continuity of the circular geometry and applied loading, the
general solutions by the Fourier series in the na-axis can be expressed asu0ð1; nÞ ¼
X
n
Uð1Þ cos nna
Ra
 
; /ð1; nÞ ¼
X
n
Uð1Þ cos nna
Ra
 
ð12aÞ
v0ð1; nÞ ¼
X
n
V ð1Þ sin nna
Ra
 
; uð1; nÞ ¼
X
n
Wð1Þ sin nna
Ra
 
ð12bÞ
wð1; nÞ ¼
X
n
W ð1Þ cos nna
Ra
 
ð12cÞ
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the joint. So far, 15 new unknown variables, Up(1), Up(1), Vp(1),Wp(1),Wp(1),Ub(1), Ub(1), Vb(1),Wb(1),Wb(1),
Uc(1), Uc(1), Vc(1), Wc(1) andWc(1), have been introduced. In order to simplify the solution process, the resul-
tant force and moment in the shell equivalent to the externally applied torsion as shown in Eq. (8) at the joint
end are also expanded as the Fourier series along the pipe wall in the following forms:eQb1nð1; nÞ ¼X
n
eQb1n0ð1Þ sin nnaRa
 
; eM b1nð1; nÞ ¼X
n
eM b1n0ð1Þ sin nnaRa
 
ð13ÞAfter substitution of the above relevant solutions into the governing equations in the uniform coordinate
system, the coeﬃcients of sine and cosine are collected to obtain a new set of 15 ordinary diﬀerential equations
involving the above 15 new variables. Here, the detailed new ordinary diﬀerential equations for the coupled
pipe part are obtained in the following forms:Ap11
o2Up0
o12
þ Bp11 o
2Up
o12
þ 1
Rp
Ap12
oW p
o1
þ ðAp12 þ Ap661Þ nRp
oV p0
o1
þ ðBp12 þ Bp661Þ nRp
oWp
o1
 Ap662 nRp
 2
Up
 Bp662 nRp
 2
Up ¼ RpoRp Ga
Up  U c
ha
þ hpUp þ hcUc
2ha
 
 Ga
2
oW c
o1
þ oW p
o1
  	
ð14aÞðAp21 þ Ap662Þ nRp
oUp
o1
 ðBp21 þ Bp662Þ nRp
oUp
o1
 1
Rp
ðAp22 þ Ap44Þ nRpW p  Ap22
n
Rp
 2
V p
 Bp22 nRp
 2
Wp þ 1Rp 
1
Rp
Ap44V p þ Ap44Wp
 
þ Ap661 o
2V p
o12
þ Bp661 o
2Wp
o12
¼ Rpo
Rp
Ga
V p  V c
ha
þ hpWp þ hcWc
2ha
 
þ Ga
2
n
Rp
W p þ nRcW c
 
þ Ga
2
V p þ V c
Ra
þ hpWp  hcWc
2Ra
  	
ð14bÞAp55  1Rp Bp21
 
oUp
o1
þAp55 o
2W p
o12
 Ap44 nRp
 2
þ 1
R2p
Ap22
" #
W p  ðAp44 þAp22Þ n
R2p
V p
þ Ap44 nRp Bp22
n
R2p
 !
Wp  1RpAp21
oUp
o1
¼Rpo
Rp
Ea
ð1þ taÞð1 2taÞ ð1 taÞ
W c W p
ha
þ ta
2


 oUp0
o1
þ hp
2
oUp
o1
þ oU c0
o1
 hc
2
oUc
o1
 
þ ta
2
W p
Rpo
þ Rp
Rpo
n
Rp
V p þ hp
2
n
Rp
Wp
 
þW c
Rci
þ Rc
Rci
n
Rc
V c  hc
2
n
Rc
Wc
  	
ð14cÞBp11
o2Up
o12
þ Dp11 o
2Up
o12
þ 1
Rp
Bp12  Ap55
 
oW p
o1
þ ðBp12 þ Bp661Þ nRp
oV p
o1
þ ðDp12 þ Dp661Þ nRp
oWp
o1
 Ap55 þ Dp662 nRp
 2" #
Up  Bp662 nRp
 2
Up
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2
Rpo
Rp
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Up  U c
ha
þ hpUp þ hcUc
2ha
 
 Ga
2
oW c
o1
þ oW p
o1
  	
ð14dÞ
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oUp
o1
 ðDp21 þ Dp661Þ nRp
oUp
o1
 1
Rp
Bp22  Ap44
 
n
Rp
W p  Bp22 nRp
 2
 1
Rp
Ap44
" #
V p
 Dp22 nRa
 2
þ Ap44
" #
Wp þ Bp661 þ 1Rp Dp661
 
o2V p
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þ Dp661 þ 1Rp Ep661
 
o2Wp
o12
¼ hp
2
Rpo
Rp
Ga
V p  V c
ha
þ hpWp þ hcWc
2ha
 
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2
n
Rp
W p þ nRcW c
 
þ Ga
2
V p þ V c
Ra
þ hpWp  hcWc
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  	
ð14eÞIn the same manner, the other 10 new ordinary diﬀerential equations for the connection coupler part and
bare pipe part can be obtained. In order to solve these total 15-ordinary diﬀerential equations, the state-space
method can be employed to simplify these equations and further obtain a new set of ﬁrst-order state equations
by introducing the following variables:Z1 ¼ Up; Z2 ¼ Z 01 ¼
oUp
o1
; Z3 ¼ Up; Z4 ¼ Z 03 ¼
oUp
o1
; Z5 ¼ V p; Z6 ¼ Z 05 ¼
oV p
o1
;
Z7 ¼ Wp; Z8 ¼ Z 07 ¼
oWp
o1
; Z9 ¼ W p; Z10 ¼ Z 09 ¼
oW p
o1
; Z11 ¼ U c; Z12 ¼ Z 011 ¼
oU c
o1
;
Z13 ¼ Uc; Z14 ¼ Z 013 ¼
oUc
o1
; Z15 ¼ V c; Z16 ¼ Z 015 ¼
oV c
o1
; Z17 ¼ Wc; Z18 ¼ Z 017 ¼
oWc
o1
;
Z19 ¼ W c; Z20 ¼ Z 019 ¼
oW c
o1
X 1 ¼ Ub; X 2 ¼ X 01 ¼
oUb
o1
; X 3 ¼ Ub; X 4 ¼ X 03 ¼
oUb
o1
; X 5 ¼ V b; X 6 ¼ X 05 ¼
oV b
o1
;
X 7 ¼ Wb; X 8 ¼ X 07 ¼
oWb
o1
; X 9 ¼ W b; X 10 ¼ X 09 ¼
oW b
o1Using the above introduced new variables, the relevant diﬀerential equations for the connection coupler
and coupled pipe in the overlap part can be expressed by a state equation asfZg0 ¼ ½HfZg þ ½K ð15aÞ
Similarly, a state equation for the bare pipe part can be obtainedfXg0 ¼ ½MfXg ð15bÞ
where the non-zero elements of the coeﬃcient matrices [H] and [M] are given in details in Appendix B. The
20 · 1 dimension matrix [K] is related to the actuating piezoelectric layer induced forces and moments due
to externally applied electric ﬁelds and its non-zero elements can be represented byKð12; 1Þ ¼
Dc11 NPZTc1
 0
1
 Bc11 MPZTc1
 0
1
Ac11Dc11  B2c11
; Kð14; 1Þ ¼
Ac11 MPZTc1
 0
1
 Bc11 NPZTc1
 0
1
Ac11Dc11  B2c11
Kð16; 1Þ ¼
ðDc661 þ Ec661=RcÞ NPZTcn
 0
n
 Bc661 MPZTcn
 0
n
Ac661ðDc661 þ Ec661=RcÞ  Bc661ðBc661 þ Dc661=RcÞ
Kð18; 1Þ ¼
Ac661 MPZTcn
 0
n
 ðBc661 þ Dc661=RcÞ NPZTcn
 0
n
Ac661ðDc661 þ Ec661=RcÞ  Bc661ðBc661 þ Dc661=RcÞ ; Kð20; 1Þ ¼ 
NPZTcn
Ac55Rcwith the following derivative deﬁnitions: ðÞ0x ¼ oðÞox , oHðxx0Þox ¼ dðx x0Þ and o
2Hðxx0Þ
ox2 ¼ d0ðx x0Þ.
At the same time, the shear and peel stresses in the adhesive layer can be re-written by the introduced state
variables in the following forms:
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2
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fZg ð16cÞNow integrating both sides of Eq. (15a) over dummy variable # from f0 to f, the ﬁnal solution are derived
in the following form:Zð1Þ ¼ e1½H fk1g þ e1½H 
Z 1
e#½H ½Kd# ð17aÞand the general solution for Eq. (15b) is:X ð1Þ ¼ e1½M fk2g ð17bÞ
where {k1} is a vector with 20 unknown coeﬃcients determined by the relevant boundary and continuity
conditions at 1 = 0, l1, and {k2} is a vector with 10 unknown coeﬃcients calculated by the boundary and
continuity conditions at 1 = 0, l2, as shown in Eq. (9). With the help of the ﬁrst-order shear deformation the-
ory-based strain–stress and strain–displacement relationships, the unknown coeﬃcients {ki} (i=1,2) are deter-
mined by the boundary and continuity conditions via the programmed Mathematica software. The peel and
shear stresses distribution in the adhesive layer of the composite pipe joint system can be analytically calcu-
lated by Eq. (16).
4. Numerical example and discussion
In this section, some detailed numerical analyses were conducted to conﬁrm the integrity of the smart com-
posite pipe joint system subjected to a torsion loading at the joint end. The 54-degree ﬁlament-wound E-glass/
Derakane 470 composite pipe has been taken as the calculation samples for the composite pipe and connection
coupler. In order to improve the electro-mechanical coupling performance of the piezoelectric reinforced com-
posite, we can employ the piezoelectric polymer (PVDF) as the matrix to construct the piezoelectric reinforced
composite. The material properties and geometric parameters of the composite pipe and coupler, adhesive and
piezoelectric materials used in the detailed simulations are listed below:
Composite layer: E1 = 25.2 GPa, E2 = 7.5 GPa, G12 = 2.4 GPa, v12 = 0.32.
Epoxy adhesive: Ea = 0.96 GPa, Ga = 0.34 GPa, l3 = 0.412.
Piezoelectric and polyvinylidene ﬂuoride (PVDF) matrix properties:Piezoelectric materials (PZT-5H):
E11 = 127 GPa, E12 = 80.2 GPa, E13 = 84.6 GPa, E33 = 117 GPa, E44 = 23.0 GPa,
E66 = 23.5 GPa, d31 = 274 pC/N, d31 = 593 pC/N, d31 = 741 pC/N, j11 = 3130j0,
j33 = 3400j0, j0 = 8.854 · 1012 F/m.
PVDF material properties:
E11 = E22 = 2.0 GPa, v=0.29, G12 = 0.775 GPa,
d31 = 22 pC/N, j = 13j0.
Geometric parameters: l1 = 25.4 mm; l2 = 50.8 mm; ha = 0.0254 mm. hp = hc = 2.54 mm, Rpi = 50.8 mm.
Firstly, based on the developed micromechanical Mori–Tanaka model as given in Appendix A, the eﬀective
electro-elastic properties of piezoelectric particles/ﬁber reinforced composite materials can be theoretically
predicted as the functions of volume fraction and aspect ratio q of the piezoelectric inclusions, as shown in
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Fig. 6. The eﬀects of the aspect ratio q and volume fraction Vf of the reinforcing piezoelectric particle/ﬁber on the eﬀective piezoelectric
constant e31.
1166 J. Cheng, G. Li / International Journal of Solids and Structures 45 (2008) 1153–1178Fig. 6. From the calculations in Fig. 6, it is clearly seen that piezoelectric constant e31 decreases with the
increase of the volume fraction Vf and aspect ratio q (Mura, 1982). Here for the convenience of simulation,
we can take the piezoelectric reinforced composite materials with a lower ﬁber aspect ratio (i.e. aspect ratio
q = 100) as the simulation examples.
Furthermore, in order to validate the developed theoretical model, ﬁnite element analyses were carried out
by using the 3D SOLID45 element in the commercial software (ANSYS) and the results were compared to the
theoretical prediction when the developed model was reduced to a conventional composite pipe joint (without
the piezoelectric reinforced composite layer) and was subjected to a torsion load of 113 N m at the joint end.
The detailed numerical comparison between the present theoretical analyses and the FEM results is depicted
in Fig. 7 for the shear and peel stresses at the bond-line. Obviously, the numerical comparison in Fig. 7 veriﬁed
the integrity of the developed theoretical model for analyzing the adhesively bonded composite pipe joint sys-
tem subjected to torsion loading.
After the numerical validation of the developed theoretical model and solution method, a smart connection
coupler consisting of six layers with the following stacking sequence [Comp/PIEZO1/Comp/Comp/PIEZO2/
Comp] and relevant lamina thickness hc
6
= hc
6
= hc
6
= hc
6
= hc
6
= hc
6
 
was considered and deﬁned as Structure #1, as
shown in Fig. 8a. The two integrated piezoelectric composite layers PIEZO1 and PIEZO2 are subjected to
electric ﬁelds E13 and E
2
3, respectively. Using the above developed theoretical model and solution method,
the numerical results for the shear and peel stresses were calculated. Fig. 9 shows the shear and peel stresses
distribution along the axial direction at n = 0 (the adhesive layer bond-line) when the composite pipe joint is
subjected to the torsion loading of 113 N m at the joint end and the electric ﬁelds of E13 ¼ E23 applied to the
respective smart piezoelectric composite layers in the smart connection coupler. It is clear that the external
electric ﬁelds applied to the piezoelectric layer have a signiﬁcant eﬀect on the peel and shear stresses distribu-
tion as shown in Fig. 9, and, the maximum shear and peel stresses always occur at the edges of the coupler end.
In order to explicitly ﬁgure out the detailed eﬀects of the external electric ﬁelds on the shear and peel stresses in
the adhesive layer bond-line, the maximum shear and peel stresses in the adhesive layer for the following four
cases of applied electric ﬁelds were studied and discussed: Case 1, E23 ¼ E13; Case 2, E23 ¼ E13; Case 3, E13 6¼ 0,
E23 ¼ 0; and Case 4, E13 ¼ 0, E23 6¼ 0. Using the deﬁnitions of the resultant force and moment equations in Eq.
(4) and the stacking sequence, we calculated the relevant forces and moments in the integrated piezoelectric
layers caused by the applied electric ﬁelds in the above study cases for further calculations in Eqs. (15)–
(17). Here, Fig. 10 numerically presents the applied electric ﬁelds v.s. the maximum shear and peel stresses
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Fig. 7. The detailed numerical comparison between the FEM analysis and theoretical prediction of the shear stress sf (a) and peel stress (b)
distribution in the adhesive layer of a conventional pipe joint.
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Fig. 8. The schematic shows of studied cases of the smart laminated connection coupler structural characteristics.
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adjusting the amplitude and polarity of the electric ﬁelds applied to the integrated piezoelectric composite lay-
ers. This means that the joint system strength improvement can be realized by choosing reasonable electric
ﬁelds applied to the smart coupler. Indeed, the diﬀerent electric ﬁelds can result in diﬀerent strength improve-
ment eﬀects. For the present four study cases, it is found that the applied electric ﬁeld in Case 3 has less eﬀect
on both the shear and peel stresses in the adhesive layer with comparison to the other study cases. However,
the applied electric ﬁeld in Case 4, which is similar to that in Case 3, is more eﬀective in controlling the shear
and peel stresses, which is similar to the eﬀectiveness of the Case 1 as indicated in Fig. 10. Compared to the
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Fig. 9. The inﬂuence of the applied electric ﬁelds in Case 1 on the shear and peel stresses distribution in the adhesive layer for the Structure
#1 coupler.
1168 J. Cheng, G. Li / International Journal of Solids and Structures 45 (2008) 1153–1178Case 2, the applied electric ﬁeld of Case 1 always motivates opposite action in controlling the maximum shear
and peel stresses. It is also indicated that the integrated piezoelectric layer has a small inﬂuence on the shear
stress sn; however, it has a signiﬁcant eﬀect on adjusting the shear stress sf and peel stress p as shown in
Fig. 10. It is noted from Fig. 10b that a jump of the maximum shear stress sn occurs when the applied electric
ﬁeld reaches a certain value. This is because the maximum shear stress sn will be shifted from the right end-
edge (x1 = l1) to the left end-edge (x1 = 0) when the applied electric ﬁeld is high enough to change the stress
distribution in the adhesive bond-line. From the results in Fig. 10, it is also seen that the shear stress sf and
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Fig. 10. The inﬂuence of the applied electric ﬁeld in various cases on the maximum shear and peel stresses in the adhesive layer of the
smart composite pipe joint with the Structure #1 coupler.
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Fig. 11. The inﬂuence of the applied electric ﬁeld in various cases on the maximum shear and peel stresses in the adhesive layer of the
smart composite pipe joint with the Structure #2 coupler.
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Fig. 12. Numerical comparison of the detailed inﬂuence of the applied electric ﬁeld in various cases on the maximum shear and peel
stresses in the adhesive layer for the smart composite pipe joint with the Structure #1 and #3 coupler, respectively.
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Fig. 13. Numerical comparison of the maximum shear and peel stresses in the adhesive layer of the smart composite pipe joints with
various coupler structures in Case 2 loading.
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J. Cheng, G. Li / International Journal of Solids and Structures 45 (2008) 1153–1178 1173peel stress p at the edge of the joint end can be reduced to zero by selecting suitable applied electric ﬁelds in the
integrated piezoelectric composite layers.
Further in order to interpret the eﬀect of the stacking sequence of the integrated piezoelectric layers on the
smart coupler, a new stacking sequence for the six layers smart connection coupler was set as [Comp/Comp/
PIEZO1/PIEZO2/Comp/Comp] with the relevant lamina thickness hc
6
= hc
6
= hc
6
= hc
6
= hc
6
= hc
6
 
, named as Structure
#2 (see Fig. 8b). Fig. 11 depicts the detailed eﬀects of the applied electric ﬁelds in Case 2, Case 3 and Case 4, as
deﬁned above, on the maximum shear and peel stresses in the adhesive layer. It is seen that the applied electric
ﬁeld can also achieve a stress controlling function similar to the above studied Structure #1. It is also seen that
the applied electric ﬁelds in Case 3 always have less eﬀect on the maximum shear and peel stresses than the
other study cases. Furthermore, a case by case comparison to the results in Fig. 10, it is seen that the present
stacking sequence (i.e. Structure #2) can achieve a more eﬃcient stress controlling function in the shear stress
sf and peel stress p; for the shear stress sn, however, this higher eﬃciency only occurs in some special electric
ﬁeld zones, as shown in Fig. 11b.
Furthermore, a third type of smart composite coupler (i.e. Structure #3) was taken into consideration for
studying the eﬀect of the integrated piezoelectric layer thickness on the overall shear and peel stress distribu-
tions. Structure #3 has the same stacking sequence [Comp/PIEZO1/Comp/Comp/PIEZO2/Comp] as Struc-
ture #1, but with diﬀerent lamina thicknesses hc
8
= hc
4
= hc
8
= hc
8
= hc
4
= hc
8
 
. Fig. 12 presents the eﬀects of the
applied electric ﬁeld on the maximum shear and peel stresses in the adhesive layer, along with the results
for Structure #1. With comparison to the numerical results for Structure #1, the results for Structure #3
numerically conﬁrm that the stress controlling eﬀect in Structure #3 is similar to that in Structure #1. How-
ever, more improvement is found for Structure #3, i.e., increasing the thickness of the piezoelectric composite
layers in the connection coupler.
Finally, the controlling eﬃciency of the integrated piezoelectric reinforced composite layers in the various
coupler structures is studied in detail. From the above numerical simulations, it is clearly found that the study
Case 2 can accomplish better stress controlling function in the adhesive layer and thus can be taken as a com-
parison example. Fig. 13 illustrates the maximum shear and peel stresses controlling eﬃciency of the three cou-
pler Structures when the integrated piezoelectric layers are subjected to the electric ﬁeld loading in Case 2.
From Fig. 13, it is explicitly shown that the Structure #3 can achieve better stress controlling eﬃciency than
the others.
5. Conclusion
In order to adaptively improve the pipe joint strength and overcome the limitation of brittle piezoelectric
ceramics in practical applications, a smart composite pipe joint system was developed by using the ﬂexible pie-
zoelectric reinforced polymer composite. For better understanding and optimally designing the developed
smart composite pipe joint system subjected to a torsion load, the following outlines were conducted and
achieved:
(1) A ﬁrst-order shear deformation theory-based theoretical model was developed for the basis behavior
analyses of the developed smart pipe joint system.
(2) With the help of the Levy solution and the state-space method, the detailed shear and peel stresses dis-
tribution in the adhesive layer were analytically predicted and analyzed. The electro-elastic properties of
the piezoelectric particle/ﬁber reinforced polymer composite were determined using the Mori–Tanaka’s
method.
(3) The eﬀect of the stacking sequence and thickness of the integrated piezoelectric composite layers as well
as the applied electric ﬁelds on reducing the stress concentration in the adhesive layer were evaluated by
simulating three types of coupler structure.
(4) From the present theoretical studies, it is found that the stress concentration in the adhesive layer bond-
line can be signiﬁcantly reduced by adjusting the stacking sequence of the coupler, the piezoelectric layer
thickness, and the applied electric ﬁelds.
(5) Among the four cases considered here, Case 2 is the most eﬀective in controlling the stress concentration.
For the three coupler structures studied, Structure #3 is the most eﬀective.
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Contract Number NASA/LEQSF(2007-10)-Phase3-01. The support is greatly appreciated.Appendix A. Electro-elastic properties of piezoelectric particle/ﬁber/wire reinforced composite
Because of the high electro-mechanical coupling and ﬂexible performance of the piezoelectric particle/ﬁber/
wire reinforced polymer composites, they have been successfully applied in the engineering ﬁeld as transduc-
ers/actuators, including underwater sonar and biomedical imaging applications. In order to analyze the elec-
tro-elastic properties of the piezoelectric reinforced composite, here we developed a micromechanics method
to predict the eﬀective piezoelectric coupling properties on the basis of Mori–Tanaka’s method.
Considering a piezoelectric reinforced composites consisting of a matrix with the electro-elastic moduli Em
and the reinforced ellipsoidal piezoelectric particles with electro-elastic moduli Ein as deﬁned in the previous
works (Cheng et al., 1999, 2000, 2002), we can use the equivalent inclusion method and Mori–Tanaka’s aver-
age ﬁeld theory to obtain the stress and electric displacement in the representative particle and the matrix when
the composite is subjected to the far-ﬁeld applied stress and electric displacement R0 in the following
formation:
In the matrix, we should consider the disturbance ﬁeld R1 caused by the presence of the reinforcing piezo-
electric particles (inclusions) and have:Rm ¼ R0 þ R1 ¼ EmðZ0 þ Z1Þ ðA:1Þ
In the inclusion, we must take the perturbation and interaction of the reinforcing piezoelectric particles into
consideration as Rpt and yield:Rin ¼ R0 þ R1 þ Rpt ¼ EinðZ0 þ Z1 þ ZptÞ ¼ EmðZ0 þ Z1 þ Zpt  ZÞ ðA:2Þ
where Z* is the ﬁctitious eigenﬁeld due to the inhomogeneity of the reinforcing particles. And, the perturbed
ﬁeld Zpt can be obtained in terms of the electro-elastic Eshelby’s tensor S as shown in the previous works of
(Wang, 1992; Cheng et al., 1999, 2000, 2002) asZpt ¼ SZ ðA:3Þ
Further, when the composite is subjected to a far-ﬁeld traction and electric displacement, R0ijni, on the
boundary with outward unit normal vector ni, the average ﬁeld of the piezoelectric reinforced composite
can be obtained by the Mori–Tanaka’s mean ﬁeld approach ashRi ¼ 1
V
Z
Xm
Rm dvþ 1V
Z
Xin
Rin dv ðA:4ÞAfter substituting the ﬁelds inside the matrix and inclusions as shown in Eqs. (A.1) and (A.2) into the above
equation, the disturbed ﬁeld Z1 can be obtained with Eq. (A.3) asZ1 ¼ V fðS  IÞZ ðA:5Þ
where Vf is the volume fraction of the reinforcing piezoelectric particles. I is a 9 · 9 dimension identity matrix.
Then, using Eq. (A.5), we can ﬁnd the ﬁctitious eigenﬁeld Z* due to the inhomogeneity from Eq. (A.2) asZ ¼ ½V fðEin  EmÞðS  IÞ  EinS þ EmðS  IÞ1ðEin  EmÞZ0 ðA:6Þ
Therefore, the overall strain and electric ﬁeld denoted by hZi can be obtained as the weighted average of
each phase of piezoelectric reinforced composite as follows:hZi ¼ 1
V
Z
Xm
Zm dvþ 1V
Z
XinZin dv
¼ 1
V
Z
Xm
ðZ0 þ Z1Þdvþ 1
V
Z
Xin
ðZ0 þ Z1 þ ZptÞdv ¼ Z0 þ V fZ ðA:7Þ
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electro-elastic constitutive relationship as follows:hRi ¼ EhZi ¼ R0 ðA:8Þ
Further combining the above Eqs. (A.6)–(A.8), we can obtain the analytical expression for the eﬀective elec-
tro-elastic properties of piezoelectric particle reinforced composite as follows:E ¼ fI þ V f ½V fðEin  EmÞðS  IÞ  EinS þ EmðS  IÞ1ðEin  EmÞg1Em ðA:9ÞAppendix B. The element of matrix [H] and [M]
Based on the introduced new state variables, the resultant governing equations for the overlapping pipe and
the connection coupler, as shown in Eq. (14a)–(14e), are presented in the matrix form as½NfZg0 ¼ ½AfZg ðB:1Þ
further, the matrix [H] in Eq. (15a) is obtained as½H ¼ ½N1½A ðB:2Þ
where the non-zero elements of the matrix are listed as follows:Nði; iÞ ¼ 1 ði ¼ 1; 3; 5; . . . 19Þ
Nð2; 2Þ ¼ Ap11; Nð2; 4Þ ¼ Bp11; Nð4; 2Þ ¼ Bp11; Nð4; 4Þ ¼ Dp11; Nð6; 6Þ ¼ Ap661;
Nð6; 8Þ ¼ Bp661; Nð8; 6Þ ¼ Bp661 þ Dp661Rp
 
; Nð8; 8Þ ¼ Dp661 þ Ep661Rp
 
; Nð10; 10Þ ¼ Ap55;
Nð12; 12Þ ¼ Ac11; Nð12; 14Þ ¼ Bc11; Nð14; 12Þ ¼ Bc11; Nð14; 14Þ ¼ Dc11; Nð16; 16Þ ¼ Ac661;
Nð16; 18Þ ¼ Bc661; Nð18; 16Þ ¼ Bc661 þ Dc661Rc
 
; Nð18; 18Þ ¼ Dc661 þ Ec661Rc
 
; Nð20; 20Þ ¼ Ac55andAði; iþ 1Þ ¼ 1; ði ¼ 1; 3; 5; 7 . . . 19Þ
Að2; 1Þ ¼ Ap662 nRp
 2
þRpo
Rp
Ga
ha
; Að2; 3Þ ¼ Bp662 nRp
 2
þ Rp0
Rp
Gahp
2ha
; Að2; 6Þ ¼ ðAP12 þ Ap661Þ nRp ;
Að2; 8Þ ¼ ðBP12 þ Bp661Þ nRp ; Að2; 10Þ ¼ 
Ap12
Rp
Rpo
Rp
Ga
2
; Að2; 11Þ ¼ Rpo
Rp
Ga
ha
;
Að2; 13Þ ¼ Rp0
Rp
Gahc
2ha
; Að2; 20Þ ¼ Rpo
Rp
Ga
2
; Að4; 1Þ ¼ Bp662 nRp
 2
þ hp
2
Rpo
Rp
Ga
ha
;
Að4; 3Þ ¼ Ap55 þ Dp662 nRp
 2
þ hp
2
Rpo
Rp
Gahp
2ha
; Að4; 6Þ ¼ ðBP12 þ Bp661Þ nRp ;
Að4; 8Þ ¼ ðDP12 þ Dp661Þ nRp ; Að4; 10Þ ¼ 
Bp12
Rp
 Ap55
 
 ha
2
Rpo
Rp
Ga
2
; Að4; 11Þ ¼  hp
2
Rpo
Rp
Ga
ha
;
Að4; 13Þ ¼ hp
2
Rpo
Rp
Gahc
2ha
; Að4; 20Þ ¼  hp
2
Rpo
Rp
Ga
2
; Að6; 2Þ ¼ ðAP21 þ Ap662Þ nRp ;
Að6; 4Þ ¼ ðBP21 þ Bp662Þ nRp ; Að6; 5Þ ¼ Ap22
n
Rp
 2
þ Ap44
R2p
þRpo
Rp
Ga
ha
þ Ga
2Ra
 
;
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 2
 Ap44
Rp
þ Rpo
Rp
Gahp
2ha
þ Gahp
4Ra
 
; Að6; 9Þ ¼ ðAp22 þ Ap44Þ n
R2p
þRpo
Rp
Gan
2Rp
;
Að6; 15Þ ¼ Rpo
Rp
Ga
ha
þ Ga
2Ra
 
; Að6; 17Þ ¼ Rpo
Rp
Gahc
2ha
 Gahc
4Ra
 
; Að6; 19Þ ¼ Rpo
Rp
Gan
2Rc
;
Að8;2Þ ¼ ðBP21 þBp662Þ nRp ; Að8;4Þ ¼ ðDP21 þDp662Þ
n
Rp
; Að8;5Þ ¼ Bp22 nRp
 2
Ap44
Rp
þ 2Rpo
hpRp
Ga
ha
þ Ga
2Ra
 
;
Að8; 7Þ ¼ Dp22 nRp
 2
þ Ap44þ hp
2
Rpo
Rp
Gahp
2ha
þ Gahp
4Ra
 
; Að8; 9Þ ¼ Bp22
Rp
 Ap44
 
n
Rp
þ hp
2
Rpo
Rp
Gan
2Rp
;
Að8; 15Þ ¼ hp
2
Rpo
Rp
Ga
ha
þ Ga
2Ra
 
; Að8; 17Þ ¼ hp
2
Rpo
Rp
Gahc
2ha
 Gahc
4Ra
 
; Að8; 19Þ ¼ hp
2
Rpo
Rp
Gan
2Rc
;
Að10; 2Þ ¼ Ap21
Rp
þa ta
2
; Að10; 4Þ ¼  Ap55  Bp21Rp
 
þa ta
2
hp
2
; Að10; 5Þ ¼ ðAp44 þ Ap22Þ n
R2p
þa ta
2
Rpo
Rp
n
Rp
;
Að10; 7Þ ¼  Ap44 nRp  Bp22
n
R2p
 !
þa ta
2
Rpo
Rp
n
Rp
hp
2
; Að10; 9Þ ¼ Ap44 n
2
R2p
þ Ap22
R2p
a ð1 taÞ
ha
þ a ta
2
1
Rpo
;
Að10; 12Þ ¼ a ta
2
; Að10; 14Þ ¼ a ta
2
hc
2
; Að10; 15Þ ¼ a ta
2
Rc
Rci
n
Rc
; Að10; 17Þ ¼ a ta
2
Rc
Rc
n
Rci
hc
2
;
Að10; 19Þ ¼ a ð1 taÞ
ha
þ a ta
2
1
Rci
; Að12; 1Þ ¼ Rci
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Ga
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; Að12; 3Þ ¼ Rci
Rc
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2ha
; Að12; 10Þ ¼ Rci
Rc
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2
;
Að12; 11Þ ¼ Ac662 nRc
 2
þ Rci
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 2
 Rci
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Gahc
2ha
;
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Rc
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Rc
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2
;
Að14; 1Þ ¼ hc
2
Rci
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ha
; Að14; 3Þ ¼ hc
2
Rci
Rc
Gahp
2ha
; Að14; 10Þ ¼  hc
2
Rci
Rc
Ga
2
;
Að14; 11Þ ¼ Bc662 nRc
 2
 hc
2
Rci
Rc
Ga
ha
; Að14; 13Þ ¼ Ac55 þ Dc662 nRc
 2
þ hc
2
Rci
Rc
Gahc
2ha
;
Að14; 16Þ ¼ ðBc12 þ Bc661Þ nRc ; Að14; 20Þ ¼ 
Bc12
Rc
 Ac55
 
 hc
2
Rci
Rc
Ga
2
;
Að16; 5Þ ¼ Rci
Rc
Ga
ha
þ Ga
2Ra
 
; Að16; 7Þ ¼ Rci
Rc
Gahp
2ha
þ Gahp
4Ra
 
; Að16; 9Þ ¼ Rci
Rc
Gan
2Rp
;
Að16; 12Þ ¼ ðAc21 þ Ac662Þ nRc ; Að16; 14Þ ¼ ðBc21 þ Bc662Þ
n
Rc
;
Að16; 15Þ ¼ Ac22 nRc
 2
þ Ac44
R2c
þ Rci
Rc
Ga
ha
 Ga
2Ra
 
; Að16; 17Þ ¼ Bc22 nRc
 2
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Rc
 Rci
Rc
Gahc
2ha
 Gahc
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 
;
Að16; 19Þ ¼ ðAc22 þ Ac44Þ n
R2c
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Gan
2Rc
; Að18; 5Þ ¼ hc
2
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 
;
Að18; 7Þ ¼ hc
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 
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2
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2Rp
; Að18; 12Þ ¼ ðBc21 þ Bc662Þ nRc ;
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n
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2
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; Að20; 5Þ ¼ b ta
2
Rp
Rpo
n
Rp
; Að20; 7Þ ¼ b ta
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2
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;
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2
; Að20; 19Þ ¼ Ac44 n
2
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ha
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2
1
Rci
;with the following deﬁnitions:a ¼ Rpo
Rp
Ea
ð1þ taÞð1 2taÞ ; b ¼
Rci
Rc
Ea
ð1þ taÞð1 2taÞSimilarly, the displacement-based governing equations for the bare pipe part can be obtained by neglecting the
right terms of Eqs. (14a)–(14e) and are further presented in the matrix form as follows:½PfXg0 ¼ ½BfXg; ðB:3Þ
where the ½P is a 10 · 10 dimensional matrix, in which the elements are equal to the relevant elements of the
ﬁrst 10 columns in the ﬁrst 10 rows of matrix [N]. The matrix [B] is also a 10 · 10 dimensional matrix, which
are equal to the part of the ﬁrst 10 rows · 10 columns of matrix [A], only by neglecting the underlined terms in
the relevant elements. Then, the matrix [M] can be obtained by:½M ¼ ½P1½B ðB:4ÞReferences
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